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Background
Convectional heat transfer fluids such as water, minerals oil and ethylene glycol play 
an important role in many industrial sectors including power generation, chemical 
production, air-conditioning, transportation and microelectronics. Although various 
techniques have been applied to enhance their heat transfer capabilities, their perfor-
mance is often limited by their low thermal conductivities which obstruct the perfor-
mance enhancement and compactness of heat exchangers. With the rising demand of 
modern technology for process intensification and device miniaturization, there was a 
need to develop new types of fluids that are more effective in terms of heat exchange 
performance. To achieve this, it has been recently proposed to disperse small amounts 
of nanometer-sized (10–50 nm) solid particles (nanoparticles) in base fluids, resulting 
in what is commonly known as nanofluids. The term nanofluid was coined by Choi [1] 
who was working with the group at the Argonne National Laboratory (ANL), USA, in 
1995. The nanoparticles used are ultrafine; therefore, nanofluids appear to behave more 
like a single-phase fluid than a solid–liquid mixture. The commonly used materials for 
nanoparticles are metals (Al, Cu, Ag, Au, Fe), nonmetals (graphite, carbon nanotubes), 
oxides ceramics (Al2O3, CuO, TiO2, SiO2), carbides (SiC), nitrides (AiN, SiN), layered 
(Al+  Al2O3, Cu+C), PCM and functionalized nanoparticles. The base fluid is usually 
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a conductive fluid, such as water (or other coolants), oil (and other lubricants), poly-
mer solutions, bio-fluids and other common fluids, such as paraffin. Investigations have 
shown that nanofluids possess enhanced thermophysical properties such as thermal 
conductivity, thermal diffusivity, viscosity and convective heat transfer coefficients com-
pared to those of base fluids like oil or water [2–7]. Owing to their enhanced thermo-
physical properties, nanofluids have numerous industrial, engineering and bio-medical 
applications such as heat transfer applications: industrial cooling, smart fluids; nanofluid 
coolant: vehicle cooling, electronics cooling; medical applications: magnetic drug target-
ing and nanocryosurgery [8].
In recent years, heat transfer has received many engineering applications such as heat 
exchanger, piping system, solar collectors and electric conductors. Some of these appli-
cations depend on natural convection for heat transfer mechanism, while others depend 
on forced convection for heat removal in the systems. However, it is quite evident that 
appropriate convective heat transfer fluids are necessary. The use of nanofluids as cool-
ants would allow for smaller sized and better positioning of the radiators [9]. Owing to 
the fact that there would be less fluid due to the higher efficiency, coolant pumps could 
be shrunk and truck engines could be operated at higher temperatures allowing for more 
horsepower while still meeting stringent emission standards. Future engines designed 
using nanofluids cooling properties will run at more optimal temperatures allowing for 
increased power output. With a nanofluid engine, components would be smaller and 
weigh less allowing for less fuel consumption, saving consumers money and resulting 
in fewer emissions for a cleaner environment. Singh et al. [10], researchers at Argonne 
National Laboratory assessing the applications of nanofluids for transportation, deter-
mined that the use of high-thermal conductive nanofluids in radiators can lead to a 
reduction in the frontal area of the radiator by up to 10 %. This new aerodynamic auto-
motive design which minimises the aerodynamics drag not only leads to fuel saving of up 
to 5 % but also reduces emissions as well. The use of nanofluid also leads to a reduction 
of friction and wear, reducing parasitic losses, operation of components such as pumps 
and compressors and hence more than 6 % fuel savings. It can be concluded that the use 
of nanofluids will enhance the efficiency and economic performance of car engines, as 
well as greatly influence the structural design of automotives, such as smaller and lighter 
engine radiators cooled by a nanofluids which can be placed elsewhere in the vehicle as 
opposed to the front of the car. By reducing the size and repositioning the radiator, a 
reduction in weight and wind resistance could enable greater fuel efficiency and subse-
quently lower exhaust emissions.
A specific component for heat transfer mechanism in automobile engine block is the 
radiator. It is a form of heat exchanger used for cooling the internal combustion engines, 
mainly in automobiles and in piston engine of aircrafts, locomotives (trains), motorcy-
cles and stationary generating plants. It circulates liquid through the engine block where 
it is heated, then pumped through the radiator where it loses heat to the atmosphere via 
fins and lastly returns to the engine block. In this regard, there is a need to improve the 
technical parts of a car engine to attain high efficiency, to achieve optimal fuel consump-
tion, to increase working life and to reduce pollution. Reducing the weight of a car with 
optimal design of its radiator is a necessity. Adding fins and fan is one way to increase the 
rate of cooling in automobile radiators in which a larger surface area for heat transfer is 
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created and air convection is utilised to enhance heat transfer. However, with the advent 
of nanofluids, the rate of heat transfer in radiators can be improved by the employment 
of a coolant fluid with enhanced thermal conductivity. The most commonly used cool-
ant fluids are water or ethylene glycol whose thermal conductivity coefficient is very low. 
However, as earlier pointed out, their heat transfer performance is often limited by their 
low thermal conductivities which obstruct the performance enhancement and compact-
ness of heat exchangers. Wang and Mujumdar [11] investigated heat transfer character-
istics of nanofluids and recommended further research on the main parameters affecting 
their heat transfer properties. Das et al. [12] investigated utilisation of nanofluids in heat 
exchangers and realised a significant possibility for use in cooling and related technolo-
gies. Thermal conductivity of metallic liquids is much greater than that of non-metallic 
liquids. It is then expected that the thermal conductivities of the fluids with metallic 
nanoparticles should be significantly higher. Nguyen et al. [13] used Al2O3/water nano-
fluids in cooling system of electrical devices and they observed a lot of improvement of 
heat transfer coefficients for a low level volume fraction of nanoparticles. Leong et al. 
[14] investigated the performance of ethylene glycol/copper nanofluids and reported an 
enhanced heat transfer rate. Research undertaken by [15–19] has shown that dispersing 
nanoparticles of copper (Cu), copper oxide (CuO), aluminium oxide (Al2O3), titanium 
oxide (TiO2) lead to an anomalously increased thermal physical properties of ethylene 
glycol-based nanofluids.
On the other hand, magnetohydrodynamic (MHD) boundary layer flow of an electri-
cally conducting viscous fluid with a convective surface boundary condition is frequently 
encountered in many industrial and technological applications such as extrusion of 
plastics in the manufacture of Rayon and Nylon, the cooling of reactors, purification of 
crude oil, textile industry, polymer technology, and metallurgy. According to Mutuku 
and Makinde [20], nanofluids are highly susceptible to the effects of magnetic field com-
pared to conventional base fluid due to the complex interaction of the electrical conduc-
tivity of nanoparticles with that of base fluid.
Despite nanofluids’ copious applications with regard to heat transfer, it is evident from 
the literature herein that limited research has focussed on the comparison of the heat 
transfer enhancement to base fluids due to the presence of different nanoparticles. Also, 
it is evident that most studies considered water as the base fluid. The motivation of the 
current study is thus to investigate the thermal performance of nanofluids coolant in a 
car radiator using ethylene glycol (EG) as a base fluid and employing three nanoparti-
cles: Al2O3, TiO2, and CuO. EG is an organic liquid of low viscosity and low volatility, 
which is completely miscible with water, thus it can be used as a base fluid on its own or 
mixed with water to form EG–water base fluid. The effects of magnetic field strength on 
the fluid flow are also investigated. In the subsequent sections, the boundary layer par-
tial differential equations governing the fluid flow are first transformed into a system of 
nonlinear ordinary differential equations, before being solved numerically using a shoot-
ing method coupled with the fourth-order Runge–Kutta–Fehlberg integration scheme. 
A graphical representation of the pertinent parameters on the flow field and heat trans-
fer characteristics are displayed and thoroughly discussed.
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Problem formulation
A steady, incompressible, laminar, two-dimensional (x, y) boundary layer flow of an elec-
trically conducting ethylene glycol-based nanofluid past a convectively heated vertical 
semi-infinite flat plate under the influence of a transversely imposed magnetic field is 
considered (see Fig.  1). The nanofluids contain three different types of nanoparticles: 
CuO, Al2O3, and TiO2. It is assumed that the left side of the plate is heated by convec-
tion from a hot fluid at temperature Tf with a heat transfer coefficient hf. A transverse 
magnetic field of strength B0 is applied parallel to they-axis. There is no applied voltage 
and the magnetic Reynolds number is small, hence the induced magnetic field and Hall 
effects are negligible.
Considering the nanofluid as continuous media with thermal equilibrium and no slip 
occurring between the base fluid and the solid nanoparticles, the governing equations 
of continuity, momentum and energy balance with Boussinesq approximation for buoy-
ancy term are given as [7]:
where (u, v) are velocity components in the (x, y) directions, respectively, ρnf  is the den-
sity of nanofluid, T is the local temperature,µnf  is the dynamic viscosity of the fluid, p 
is the fluid pressure, βnf  is the volume expansion coefficient of the fluid, knf is the heat 
transfer coefficient of nanofluid, σnf  is the electrical conductivity of nanofluid, B0 is the 
magnetic field, g is the gravitation vector, (ρCp)nf is the heat capacitance and cp is the 
















































Fig. 1 Schematic diagram of the problem
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The boundary conditions at the plate surface and at the free stream are expressed as:
By assuming that the particle concentration is well dispersed and uniformly distrib-
uted throughout the system, the effective thermo-physical properties of the mixture 
can be evaluated using Eq. (5) below. These relations can be used to predict nanofluids 
physical properties like density, viscosity, thermal conductivity, specific heat and volume 
expansion at different temperatures and volume fractions (concentrations).
where φ is the nanoparticle volume fraction (φ =  0 correspond to a regular fluid), ρf 
and ρs are the densities of the base fluid and the nanoparticle, respectively, βf and βs are 
the thermal expansion coefficients of the base fluid and the nanoparticle, respectively, 
kf and ks are the thermal conductivities of the base fluid and the nanoparticles, respec-
tively, (ρcp)f and (ρcp)s are the heat capacitance of the base fluid and the nanoparticle, 
respectively, σs and σf are the electrical conductivities of the base fluid and the nanofluid, 
respectively.




 defined as u = ∂ψ
∂y  and v = −
∂ψ
∂x  satisfies the continuity 
Eq.  (1). To simplify the mathematical analysis of the problem, the following similarity 
transformations are introduced:
where η is the similarity variable, f (η) is the non-dimensional stream function and θ(η) 
is the non-dimensional temperature. After introducing Eq. (6) into Eqs. (2) and (3), we 
obtain the following ordinary differential equations:
(4)
u(x, 0) = U0, v(x, 0) = 0, −knf
∂T
∂y
(x, 0) = hf (Tf − T (x, 0)),
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Subject to the following boundary conditions:
where primes denote differentiation with respect to η and the Hartmann number Ha, 
Grashof number Gr, Prandtl number Pr, Eckert number Ec, and Biot number Bi are 
defined as:
For engineering and industrial application purposes, the physical quantities of practi-
cal significance in this work are the skin friction coefficient Cf and the Nusselt number 
Nu defined as:
where τw is the skin friction and qw is the surface heat flux given by
Putting Eqs. (12) into (11), we obtain
which are the local Skin Friction Cfx and local Nusselt number Nux, and Re = U0xvf  is the 
local Reynolds number.
Numerical procedure
The set of Eqs. (7)–(8) under the boundary conditions (9) is a coupled nonlinear bound-
ary value problems (BVP) which are solved numerically using a shooting algorithm 
with a Runge–Kutta–Fehlberg integration scheme. This method involves transforming 
the equation into a set of initial value problems (IVP) which contain unknown initial 
values that need to be determined by guessing, after which the fourth-order Runge–
Kutta–Fehlberg iteration scheme is employed to integrate the set of IVPs until the given 
boundary conditions are satisfied.
We define new variables:
(9)
f (0) = 0, f ′(0) = 1, θ ′(0) = Bi[θ(0)− 1],






























































(14)x1 = f , x2 = f ′, x3 = f ′′, x4 = θ , x5 = θ ′,
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This reduces Eqs. (7)–(8) to systems of first-order differential equations:
subject to the following initial conditions:
In the shooting process, the unknown initial conditions s1 and s2 in Eq.  (17) are 
assumed and Eqs.  (15)–(16) integrated numerically as an initial valued problem to 
a given terminal point. The accuracy of the assumed missing initial conditions was 
checked by comparing the calculated value of the dependent variable at the terminal 
point with its given value there. If differences exist, improved values of the missing initial 
conditions are obtained and the process repeated. The entire computation procedure is 
implemented using a program which uses symbolic and computational computer lan-
guage MAPLE [21]. Being a BVP, the equations are automatically solved by the dsolve 
command by applying the appropriate algorithm. The present method is unconditionally 
stable and has been successfully used by Makinde et al. [22] to solve various problem in 
fluid mechanics and heat transfer. From the process of numerical computation, the fluid 
velocity, the temperature, the skin friction coefficient and the Nusselt number are pre-
sented by f ′(η), θ(η), f ′′(η) and θ′(η), respectively.
Results and Discussion
Three different types of nanoparticles, namely, copper oxide (CuO), aluminium oxide 
(Al2O3), and titanium dioxide (TiO2) with ethylene glycol as the base fluid were consid-
ered. The results are presented graphically in Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 and 13, 
and conclusions are drawn for the flow field taking into consideration their industrial 
and engineering applications. Ha = 0 corresponds to the absence of magnetic field, and 
φ = 0 is regular fluid. To ascertain the validity of the numerical procedure, the special 
case of heat transfer in MHD flow of a convectional fluid (φ = 0) over a moving surface 
is compared with that of Kuznetsov and Nield [23] as shown in Table 1 and a perfect 
agreement was established. This favourable comparison lends confidence to the numeri-
cal results reported subsequently. The thermophysical properties of ethylene–glycol and 
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Dimensionless velocity profiles
Figures  2, 3 and 4 depict the effects of various physical parameters on the nanofluid 
velocity profiles. It is noted that for all the pertinent parameters, the velocity is maxi-
mum at the moving plate surface but decreases gradually to zero at the free stream far 
away from the plate surface, thus satisfying the boundary conditions. As shown in Fig. 2, 
the momentum boundary thickness for CuO–EG nanofluid is thinner compared to the 
other nanofluids. This is due to the fact that CuO is more susceptible to the influence 
of the magnetic field than the rest of the nanoparticles used. Consequently, CuO–EG 
Fig. 2 Velocity profiles for different nanofluids
Fig. 3 Velocity profiles with varying (Ha)
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nanofluid tends to flow closer to the convectively heated plate surface. As expected 
from theory and as illustrated in Fig. 3, increasing the magnetic parameter Ha slackens 
the fluid velocity due to the Lorentz force which results in resistance to the transport 
phenomena. This retarding force can control the nanofluids velocity which is useful in 
numerous industrial, engineering and bio-medical applications such as heat transfer 
applications: industrial cooling, smart fluids; nanofluid coolant: vehicle cooling, elec-
tronics cooling; medical applications: magnetic drug targeting and nanocryosurgery. 
Fig. 4 Velocity profiles with increasing nanoparticles volume fraction
Fig. 5 Temperature profiles for different nanofluids
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Similarly, the presence of the nanoparticles increases the viscosity of the base fluid, thus 
impeding fluid flow as shown in Fig. 4.
Dimensionless temperature profiles
Figures 5, 6, 7, 8 and 9 show the effects of pertinent parameter on the temperature pro-
file. It is observed that the temperature gradually decreases from a maximum value near 
the plate surface to zero far away from the plate satisfying the free stream conditions. 
Figure 6 shows that CuO–EG nanofluid thermal boundary layer thickness is greater than 
Fig. 6 Temperature profiles with increasing φ
Fig. 7 Temperature profiles with increasing Ha
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that the other two nanofluid as expected. This is in accordance with the earlier obser-
vation, since the CuO–EG nanofluid tends to absorb more heat from the plate surface 
owing to its close proximity to the hot surface. The constant collision of the nanopar-
ticles in the base fluid which is associated with Brownian motion as well as the ther-
mophoresis effect has the summative effect of increasing the fluid temperature; thus, as 
shown in Fig. 6, increasing the nanoparticle volume fraction φ increases the fluid tem-
perature. In Fig. 7, it is noted that an increase in Ha leads to an increase in the tempera-
ture and, as a result, the thermal boundary layer thickness increases. This is as expected, 
Fig. 8 Temperature profiles with increasing Ec
Fig. 9 Temperature profiles with increasing Bi
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since the presence of the magnetic field results in joule heating. The Eckert number Ec 
which is synonymous to viscous dissipation has a similar effect as seen in Fig. 8. Increas-
ing the Biot number Bi increases the temperature and the thermal boundary layer thick-
ness, a fact attributed to an increase in the convective heating as shown in Fig. 9.
Effects of parameters variation on the skin friction and Nusselt number
Figures 10, 11, 12 and 13 illustrate the effects of the various pertinent parameters at the 
plate surface for both the skin friction coefficient and the local Nusselt number (rate of 
Fig. 10 Skin friction profiles for different nanofluids
Fig. 11 Skin friction with increasing Ha
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Fig. 12 Nusselt number for different nanofluids
Fig. 13 Nusselt number with increasing Ha
Table 1 Comparison test results of  the local Nusselt number Nu in  the limiting case of  a 
regular fluid with no magnetic field for Ec = Bi = Gr = 0.1
Pr 1 10 100 1000
Nu (Kuznetsov & Nield [16]) 0.401 0.463 0.481 0.484
Nu (present) 0.401 0.463 0.481 0.484
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heat transfer). The presence of nanoparticle in the convectional fluid leads to an increase 
in both the skin friction and the rate of heat transfer as illustrated in Figs. 11 and 13, 
while, on the other hand, increasing the magnetic field strength Ha leads to an increase 
in the skin friction. This is as expected, since the presence of the nanoparticles increases 
the viscosity of the fluid and thus increased friction at the plate surface. It is clear from 
the graphical presentations that CuO–EG nanofluid exhibits the highest skin friction 
and the least rate of heat transfer, whereas TiO2–EG nanofluid has the least skin fric-
tion and the highest rate of heat transfer. This is in accordance with expectation, since 
the CuO–EG nanofluid moves closer to the plate surface leading to an elevation in the 
velocity gradient at the plate surface and thus the increased friction at the plate surface. 
From an engineering and industrial application point of view, TiO2–EG nanofluid would 
make the best coolant owing to the fact that it has the greatest heat transfer at the plate 
surface while at the same time, it causes less tear and wear to the plate surface owing to 
the minimal skin friction. Increasing the magnetic strength increases the skin friction, 
but reduces the rate of heat transfer as shown in Figs. 11 and 13.
Conclusions
The cooling capabilities of an ethylene–glycol (EG)-based nanofluid containing three 
different types of nanoparticles: copper oxide (CuO), aluminium oxide (Al2O3), and tita-
nium dioxide (TiO2) are investigated, taking into consideration the complex interaction 
between the electrical conductivity of the base fluid and that of the nanoparticles. The 
governing nonlinear partial differential equations were transformed into ordinary differ-
ential equations using the similarity approach and solved numerically using the Runge–
Kutta–Fehlberg method coupled with the shooting technique. The effects of pertinent 
parameters on velocity, temperature, skin friction and local Nusset number are investi-
gated. The conclusions drawn from the analysis can be summarised as follows:
  • The fluid velocity decreases with increase in both the magnetic field strength Ha and 
nanoparticle concentration φ.
  • Increasing the magnetic field strength Ha, Eckert number Ec, Biot number Bi and 
nanoparticle concentration φ leads to an increase in the fluid temperature.
  • The skin friction and rate of heat transfer at the plate surface increase with increase 
in nanoparticle concentration φ.
  • An increase in magnetic field strength Ha leads to an increase in the skin friction and 
a decrease in the rate of heat transfer.
Table 2 Thermophysical properties of ethylene glycol and nanoparticles [16, 17]
Materials ρ (kg/m3) cp (J/kgK) k (W/mK) β ×10−5 (k−1) σ (S/m)
Ethylene–glycol 1114 2415 0.252 57 5.5 × 10−6
Copper oxide (CuO) 6510 540 18 0.85 5.96 × 107
Alumina (Al2O3) 3970 765 40 0.85 3.5 × 107
Titania (TiO2) 4250 686.2 8.9538 0.9 2.38 × 106
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From the application point of view, the cooling effect on the plate surface is maximised 
by reducing the fluid flow velocity, enhancing the rate of heat transfer at the plate surface 
as well as minimising the skin friction at the plate surface. From the results obtained, 
this is achieved by employing TiO2–EG nanofluid as a coolant under the influence of a 
magnetic field. The interaction between the magnetic field and the fluid velocity results 
in the Lorentz force which impedes the fluid flow. It is evident from the above findings 
that the present study has numerous industrial, engineering and bio-medical applica-
tions such as heat transfer applications: industrial cooling, smart fluids; nanofluid cool-
ant: vehicle cooling, electronics cooling; medical applications: magnetic drug targeting 
and nanocryosurgery.
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